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Plasma turbulence is studied via direct numerical simulations in a two-dimensional spatial geometry. Using
a hybrid Vlasov-Maxwell model, we investigate the possibility of a velocity-space cascade. A novel theory of
space plasma turbulence has been recently proposed by Servidio et al. [PRL, 119, 205101 (2017)], supported
by a three-dimensional Hermite decomposition applied to spacecraft measurements, showing that velocity
space fluctuations of the ion velocity distribution follow a broad-band, power-law Hermite spectrum P (m),
where m is the Hermite index. We numerically explore these mechanisms in a more magnetized regime. We
find that (1) the plasma reveals spectral anisotropy in velocity space, due to the presence of an external
magnetic field (analogous to spatial anisotropy of fluid and plasma turbulence); (2) the distribution of energy
follows the prediction P (m) ∼ m−2, proposed in the above theoretical-observational work; and (3) the
velocity-space activity is intermittent in space, being enhanced close to coherent structures such as the
reconnecting current sheets produced by turbulence. These results may be relevant to the nonlinear dynamics
weakly-collisional plasma in a wide variety of circumstances.
Plasma turbulence is a challenging problem, involving
a variety of complex nonlinear phenomena. In the clas-
sical picture of turbulence, both in ordinary fluids and
collisional plasmas, whenever energy is injected into the
system, a cross-scale transfer occurs, producing smaller
scales and leading eventually to energy conversion and
dissipation. This non-linear behavior transfers energy
from macroscopic gradients into small plasma eddies,
waves and magnetic structures. The story becomes even
more challenging in weakly collisional plasmas —systems
far from local thermal (Maxwellian) equilibrium. The ab-
sence of an equilibrium attractor leaves the plasma state
free to explore the dual spatial-velocity phase space1.
This dynamics is responsible for strong deformations of
the particle distribution function (DF), commonly clas-
sified as rings, beams, temperature anisotropy, velocity-
space vortices, and so on2–5. In this multi-dimensional
space, energy can be transfered nonlinearly from phys-
ical space to velocity space, and vice-versa, leading fi-
nally to the dissipation of the available energy through
collisions1,6–8.
The connection between turbulence and velocity-space
deformations remains a great challenge for both theoret-
ical and computational approaches. This scenario has
been envisioned since the seminal works by Landau9.
Recently, the study of phase-space fluctuations has be-
come a topic of renewed interest within the plasma
community10–13. Many important and useful sugges-
tions on the possibility of a spatial-velocity cascade
have been recently proposed, in the framework of re-
duced models of plasma turbulence such as drift-wave
and gyrokinetics14,15. These concepts, closely related to
strongly magnetized laboratory plasmas16, need to be
revised and further explored in the framework of space
plasmas, where magnetic fluctuations are, very often, of
the order of the mean magnetic field17. In these regimes,
indeed, nonlinear Landau damping and ion-cyclotron res-
onances, as well as interactions with current layers and
zero-frequency structures, might occur in a more complex
way18,19.
In the last decade or so, Vlasov-based simulations
have been extensively used to investigate the complexity
of plasma turbulence20–29. Numerical experiments sug-
gest a strong connection between turbulence and non-
Maxwellian features in the particle DF30–33. Recently,
the unprecedented-resolution and high-accuracy of mea-
surements from the Magnetospheric Multiscale Mission
(MMS)5 have enabled direct observation of the veloc-
ity space cascade in a space plasmas34. In particular, a
three-dimensional (3D) Hermite decomposition has been
applied to spacecraft measurements, showing that the
ion velocity distribution has a broad-band Hermite spec-
trum P (m), where m is an Hermite mode index (see be-
low). A Kolmogorov-like phenomenology has been pro-
posed to interpret the observations, suggesting two types
of phase-space cascade: (1) the isotropic cascade, with
P (m) ∼ m−3/2, when the plasma is weakly magnetized
(such as in the terrestrial, shocked magnetosheath), and
(2) P (m) ∼ m−2, for more highly magnetized cases. Here
we inspect the latter situations, exploring the possibility
of an anisotropic cascade in velocity space, establishing
its relation with spatial intermittency.
In this Letter we employ Hermite decomposition to an-
alyze a hybrid Vlasov-Maxwell (HVM) simulation35,36 of
collisonless plasma dynamics. Noise-free HVM simula-
tions are well-suited for the study of the kinetic effects in
turbulent collisionless plasmas. We integrate the dimen-
2FIG. 1. Overview of the numerical results at the peak of the nonlinear activity, t∗ = 49Ω−1cp . Left: omnidirectional perpendicular
spectra of magnetic field B (black), proton bulk speed U (blue), electric field E (green dotted) and proton density n (red dashed),
in code units. Center: contour plot of the current density |jz |. Right: map exof the non-Maxwellianity function ǫ, as defined
in the text.
sionless HVM equations written as
∂f
∂t
+ v · ∂f
∂x
+ (E + v ×B) · ∂f
∂v
= 0, (1)
∂B
∂t
=−∇×E=∇×
[
u×B − j ×B
n
+
∇Pe
n
− ηj
]
(2)
where f(x,v, t) is the proton DF, E and B are the elec-
tric and magnetic fields, respectively. The current den-
sity is j = ∇×B, n and u represent the first two moments
of f , and Pe is the isothermal pressure of the massless
fluid electrons. In the above equations, time, velocities
and lengths are respectively scaled to the inverse pro-
ton cyclotron frequency Ω−1cp = mpc/eB0, to the Alfve´n
speed cA = B0/
√
4πn0mp, and to the proton skin depth
dp = cA/Ωcp, where mp, e, c, B0 and n0 the proton
mass, charge, the light speed, the background magnetic
field and the equilibrium proton density. A small resis-
tivity η = 2 × 10−2 is introduced to suppress numerical
instabilities.
Equations (1)–(2) are integrated in a 2.5D–3V phase
space domain. We discretized the double-periodic spa-
tial domain of size L = 2π × 20dp, with Nx = Ny = 512
grid-points in each direction. The velocity domain is dis-
cretized by Nvx = Nvy = Nvz = 71 points in the range
vj = [−5vth, 5vth] (j = x, y, z) and boundary condi-
tions impose f(vj > 5vth) = 0, being vth =
√
k
B
T0/mp
the proton thermal speed, related to the Alfve´n speed
through β = 2v2th/c
2
A = 0.5. Further details on the nu-
merics can be found in Refs.37,38. The proton DF is ini-
tially Maxwellian, with uniform unit density. In order to
explore the possibility of a magnetized phase-space cas-
cade, a uniform background out-of-plane magnetic field
B0 = B0ez (B0 = 1) is also imposed. The equilibrium is
then perturbed through a 2D spectrum of Fourier modes,
as described in Servidio et al. 36 . The r.m.s. level of
fluctuations is δB/B0 = 1/3. Note that this parameter
range is very different from the MMS observations, where
δB/B0 ∼ 2 and β ≫ 1 (weakly magnetized regime)34.
We will discuss the results at the peak of the nonlin-
ear activity, namely at t∗ = 49Ω−1cp , where 〈j2z 〉 reaches
its maximum. To characterize the presence of small-
scale fluctuations, the left panel of Fig. 1 reports the
omnidirectional perpendicular power spectral density of
magnetic field (black), proton bulk speed (blue), elec-
tric field (green dotted) and proton density (red dashed),
as a function of kdp. The red dotted line indicates, as
a reference, the Kolmogorov exponent −5/3. Magnetic
fluctuations dominate at the large scales and the iner-
tial range, while at smaller kinetic scales electric field
spectral power is higher39. Moreover, although the large
scales are essentially incompressible, at kinetic scales the
compressibility increases40.
Strong current sheets are evident in the shaded-contour
of Fig. 1 (central panel), which shows the out-of-plane
current density |jz(x, y)| at t = t∗. As expected in tur-
bulence, local narrow current layers develop and become
important sites of reconnection and dissipation36,41–43.
Previous works have suggested that these intermittent
regions are related to interesting non-Maxwellian fea-
tures of the DF30, a very well known property of mag-
netic reconnection44–46. A simple non-Maxwellianity
indicator30,47, measuring deviations of the particle DF
from the corresponding Maxwellian g, has been defined
as
ǫ(x) =
1
n
√∫
(f − g)2d3v. (3)
The right panel of Fig. 1 shows ǫ(x, y) at t = t∗, suggest-
ing that the non-fluid activity is highly intermittent, cor-
related with the most intense current sheets. The scalar
function ǫ quantifies the presence of high-order moments
of the plasma, and includes moments of the proton DF,
such as temperature anisotropy, heat flux, kurtosis and so
on. It does not reveal, however, the particular structure
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FIG. 2. Two-dimensional, reduced Hermite spectra, averaged
over space. Panel (a) represents P (mx,my) (integrated over
mz), while (b) includes the anisotropy direction of the mean
magnetic field B0.
of the velocity subspace.
In order to quantify details of the phase-space cascade,
we will adopt a 3D Hermite transform representation of
f(x,v), a valuable tool for plasma theory48–50. A 1D
basis can be defined as
ψm(v) =
Hm
(
v−u
vth
)
√
2mm!
√
πvth
e
− (v−u)
2
2v2
th , (4)
where u and vth are now the local bulk and ther-
mal speed, respectively, and m ≥ 0 is an integer (we
simplified the notation suppressing the spatial depen-
dence). The eigenfunctions obey the orthogonality con-
dition
∫∞
−∞ ψm(v)ψl(v)dv = δml. Using this basis, one
obtains a 3D representation of the distribution function
f(v) =
∑
m
fmψm(v). The above projection quantifies
high-order corrections to the particle velocity DF, since
the basis is shifted in the local fluid velocity frame, nor-
malized to the ambient density and temperature. The
projection in Eq. (4) is equivalent to shifting the Hermite
grid in the local plasma frame, renormalizing such that
the temperature is unity. Missing the above shift would
generate a convolution with the central Maxwellian ker-
nel and therefore a misleading spectrum. Moreover, a
Gaussian quadrature is adopted34,51, for efficiency, and
to avoid spurious aliasing and convergence problems. We
tested the accuracy of our Hermite transform, verifying
that the Parseval-Plancerel spectral theorem is satisfied
up to the machine precision.
Using the above procedure, the Hermite coefficients
fm =
∫∞
−∞ f(v)ψm(v)d
3v have been computed. Note
that the Hermite projection has a profound meaning for
gases, since the index m roughly corresponds to an order
of the velocity moments15: the m = 1 coefficient cor-
responds to bulk flow fluctuations; m = 2 corresponds
to temperature deformations; m = 3 to heat flux per-
turbations, and so on. Finally, it is worth noting that an
highly deformed f(v) would produce plasma enstrophy52,
defined as
Ω(x) ≡
∫ ∞
−∞
δf2(x,v)d3v =
∑
m>0
[fm(x)]
2
, (5)
FIG. 3. (a) Isotropic Hermite power spectrum, at two times
of the simulation. The prediction for the magnetized case is
reported as a reference. (b) Reduced spectra along and across
the mean field, at t = 49Ω−1cp . The power-law fit in the parallel
direction is consistent with the prediction ∼ m−2z .
where δf indicates the difference from the ambient
Maxwellian, as in Eq. (3). It is interesting to note that
the latter quantity is related to the Maxwellianity indi-
cator ǫ, Ω = ǫ2n2, and is essentially the free energy in
gyrokinetics15.
In the Hermite transform, we set Nm = 100 modes
in each velocity direction, applying the projection to a
subset of the original volume. In particular, we choose
equally-spaced spatial points on a grid that is coarser
than the original 5122, to reduce computational efforts
(although the algorithm uses MPI parallel architecture).
We have checked that statistical convergence is attained
for an ensemble of 32×32 proton velocity DFs (not
shown). In our analysis, we ensure convergence by using
an ensemble of 64×64 velocity DFs. From the coefficients
fm(x) ≡ fm(x, y,mx,my,mz), we define the enstrophy
spectra as P (mx,my,mz) = 〈fm(x)2〉, where 〈. . . 〉 in-
dicates spatial average. Note that details of the phase
space structure are lost when the Hermite spectrum is
computed for poorly resolved data, or when the spec-
trum is reduced (integrated over a velocity coordinate).
The 2D enstrophy spectrum is evaluated by reduc-
ing P (mx,my,mz) in different directions, as for example
P (mx,my) =
∑Nm
mz=0
P (mx,my,mz). Figure 2 reports
the 2D reduced spectra P (mx,my) and P (mx,mz). The
enstrophy is fairly isotropic in the plane (mx,my), per-
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FIG. 4. (a) Hermite spectrogram, along a 1D cut through
the simulation box, at x∗ ∼ 50dp. The velocity space activity
is highly intermittent. (b) Spatial profile at x∗ of the cur-
rent density |jz |, together with the plasma enstrophy defined
by Eq. (5). The velocity space cascade is correlated with
intermittent coherent structures.
pendicular to the background magnetic field. On the
other hand, an anisotropy is revealed when considering
the direction of B0, namely the mz axis: spectra are
stretched in the parallel direction. This might indicate
the presence of structures along the background field and
the presence of Landau resonances53. Note also that
this anisotropy was not recovered in the magnetosheath
observations of MMS34, since β and δB/B0 were much
higher than in our simulation. This anisotropy is anal-
ogous to the spatial anisotropy commonly observed in
plasmas, when a strong imposed field is present54. The
velocity space anisotropy, however, differs in that veloc-
ity gradients are stronger along the mean field and the
cascade is inhibited across the mean field.
We evaluated the isotropic (omnidirectional) 1D Her-
mite spectra, by summing P (mx,my,mz) over con-
centric shells of unit width, i. e. P (m) =∑
m− 12<|m
′|≤m+ 12
P (m′). Figure 3(a) shows the
isotropic Hermite spectrum P (m)/P (0) at t = t∗ =
49Ω−1cp (we normalized the spectrum to the mode
m = 0, which is the Maxwellian profile.) The
spectrum shows a power-law behavior for the first
decade, indicating the presence of phase-space cascade-
like processes10,11,14,15,34,55–58. The Hermite analysis on
the HVM simulations shows a spectral break around
m ≃ 15, where the artificial dissipation of the Eulerian
scheme might affect the dynamics. In the same panel
(a), we also plot the energy at an earlier time of the
simulation, showing that the cascade has progressively
emerged, as it would in physical space, by gradually fill-
ing in modes towards higher m-values, therefore creating
finer velocity-space structures. In Fig. (3)-(b), we show
the reduced spectra along the mean field (integrated over
mx and my), and the isotropic perpendicular spectrum
P (m⊥) (integrated over mz and over concentric perpen-
dicular shells m⊥). While P (mz) is consistent with the
m−2 phenomenological model, the reduced perpendicular
spectrum P (m⊥) is much lower in energy and is steeper,
with exponent close to −3.5. The significance of such
anisotropy of the Hermite spectra will be investigated
more in detail in future works.
In analogy with intermittency in turbulence, it is natu-
ral to ask whether or not the enstrophy transfer is homo-
geneous in space, as suggested by Fig. 1 (center and right
panels). To this aim, we define the Hermite spectrogram
P (x,m), the isotropic Hermite spectrum as a function of
the position. This tool might be also useful for space-
craft measurements. Fig. 4-(a) shows P (x,m) along a
one-dimensional spatial cut. The dual-space cascade is
clearly intermittent: the spectrum amplitude and expo-
nent depend on the position, with regions of low activ-
ity being interrupted by bursts of velocity-space activity.
Only the ensemble average converges to the theoretical
predictions represented in Fig. 3. In panel (b), we show
a spatial cut of the current density |jz | (red) and of the
plasma enstrophy Ω (blue), suggesting that the velocity
space cascade is correlated with the intermittent current
structures.
Motivated by recent theories and observations34,59, we
have studied plasma turbulence via direct numerical sim-
ulations, in a simplified 2.5D-3V geometry. Using a hy-
brid Vlasov-Maxwell model, we observed that the pro-
ton velocity distribution function produces broad-band
fluctuations in the v–space. By using a 3D Hermite
decomposition, we observed power-law Hermite spectra
P (m), indicative of a velocity inertial range. This ve-
locity cascade establishes as the turbulence develops, re-
sembling a mode-by-mode transfer, similar to the Kol-
mogorov phenomenology. Exploring a moderately mag-
netized case (δB/B0 ∼ 1/3 and β = 0.5) we found
that: (1) plasma manifests spectral anisotropy in veloc-
ity space, due to the presence of an external magnetic
field (analogous to the Shebalin effect54); (2) the distri-
bution of energy follows the prediction P (m) ∼ m−2, and
a much steeper exponent in the perpendicular direction,
where P (m⊥) ∼ m−3.5⊥ . Finally, (3) the velocity space ac-
tivity is intermittent in real space, and is enhanced close
to coherent structures such as the reconnecting current
layers produced by turbulence. In future works, we plan
to explore different plasma regimes, as well as the role
played by the dimensionality of the system and by the
electron kinetics. These results may be of fundamental
significance as the space and astrophysical plasma com-
munities move towards more complete understanding of
the mechanisms leading to dissipation and heating in tur-
bulent plasmas.
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